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In 1852 Lamé [1] formulated the first fundamental problem of the theory of
elasticlty for a rectangular parallelepliped. An approximate solution to this
problem was given by Filonenko-Borodich [2 and 3] who used Castigliano's
variational principle. Later Mishonov [4] obtained an approximate solution
to Lamé's problem in the form of divergent triple Fourler series. These
series contain constants which are found from Infinite systems of linear
equations. Teodorescu [5] has considered a particular case of Lamé's prob-
lem. Using his own method the author solves the problem in the form of
double serles analogous to those used in [6 to 8) and by Baida in [9 and 10]
in solving problems on the equilibrium of a rectangular parallelepiped. The
solution of the problem reduces to three infinite system of linear equatlions
and the author asserts that these infinite systems are regular. It 1is shown
in Section 5 that the infinite systems obtained by Teodorescu, on the other
hand, will not be regular.

In the references mentioned above which investigate Lamé's problem the
authors confine their attention elther to obtaining a solution by an appro-
ximate method, or to reducing the solution process to one of obtalning infi-
nite systems, leaving these uninvestigated. It must be emphasized that the
main difficulty in solving this problem lies in investigating the infinite
systems obtained which are significantly different from the: infinite systems
of the corresponding plane problem.

In this paper a solution 1s given to the first fundamental problem of the
theory of elasticity, for a rectangular parallelepiped with prescribed exter-
nal stresses on the surface (Sections 2, 3 and 4?. For the solution of this
problem the author has used a form of the general solution of the homogeneous
Lamé equations which contdins five arbitrary harmonic functlons and which
constitutes a generalization of the familiar Papkovich-Neuber solution {Sec~
tion 1)}. The solution is expressed in the form of double seriles containing
four series of unknown constants which can be found from four infinlte sys=-
tems of linear algebraic equations. The infinite systems of linear equations
obtained 1s studied for values of Polsson's ratio within the range O<os< 0.18.
It is shown that for these values of Poisson's ratio the infinite systems
are quasi-~fully regular.

1. In the absence of body forces the equations of statics for an elastic
body are
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where ¢ 1s Poisson's ratio, 8 1s the volumetic strain and A 1s the

Laplace operator.
We seek purely harmonic solutions of Equations (1.1) in the form

u=06,(z 9,2, v = §; (2, ¥, 2), w = 04 (z,y,2) (1.2)
where &,, 65 and &g are harmonic functlons. If they satisfy relatlonship

08y | 36 | 98

7:1:“—‘_ dy + 9z (13)
Equations (1.1) are obviously satisfied.

Adding to the solution (1.2) the biharmonic part of the Papkovich-Neuber
solution, we obtain the following form for the general

Az solution of Equations (1.1):
il i a
: u=64+61—m—5;(9:61+y62+263)
g1 8 - 1 3
-—:ﬁi— M y v="~0;+8— =9 ‘aa—y (281 + Y82 + 285) (1.4)
1
2! w=604‘53—m3;‘($61+y62+26s)
where 6,, 6,, 83, 04, 65 and &, are harmonic func-
Flg. 1 tions related by {1.3). Setting in (1.%)
0 a 28
64='36;07 65256;07 66=’5£‘

where 6,(x, y, z) 1s a harmonic function, we obtain the Papkovich-Neuber

solution.

In the Papkovich-Neuber solution, of the four arbitrary functions only
one ylields a purely harmonic solution which makes the construction of these
solutions difficult. This defect has been pointed out by Hata [11]. Of the
five arbitrary harmonic functions in (1.4) two give purely harmonic solutions.
This considerably simplifies the selection of the solutions indicated for
Equations (1.1) and at the same time facilitates the solution of boundary-
value problems for a parallelepiped, which is emphasized in the solution of
Lamé's problem outlined below.

2. Without restricting the generality, we shall describe the method of
solution for a particular case: we shall consider the deformation of a
parallelepiped which is symmetrical about the coordinate planes x = O and

y =0 (see Fig.l), which occurs in compression and tension.

Thus we require to find the functions u(x, y, ), v(x, y, 2) and
w(x, y, z) which within the parallelepiped —a < x <a , —bx< y<x< b,
— 2 < z = £ satisfy the differential equations (1.1) and on the surface the

20(‘;.2’”__;.1__&%9):%'(@ y) st z=1 (2.1)
26(3—:)“*‘ 1—j§a9) =(r,y) at z=-—1 (2.2)

conditions
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(32 +55) = fila ), G(%—]—-g—:):ﬂ'l(x, y) st z=1  (2.3)
Gl +a)=h@y, G+ =F@y e =—1 24
20(%‘;—+T_"—269)=——q(y, Z) at z=+ta (2.5)
G(%-{-%):O, G(%+a—z)~0 at e=+a (2.6)

26 (4 + 1250 = —0(2,2)  at y=Lb (2.7)

du ? ow i
G(or+a)=0 G+ 5o)=0 aty==s (2.8)

Here @ 1s the shear modulus. The meaning of the boundary conditions 1s
obvious from the formulas for Hooke's law. We assume that the boundary func-

tions can be represented in Fourler series

(2.9)
—aegra
Yi(z, y) = A ‘“cos % cos W ( by ) i =
e ) P.g_o i b —b<y<p) 1A
—agr<a
x, = x (%) Sln pnx miuy ( [/ A .
fi(z, ¥) 2 pm/pm 5 €0S == bey<b (i=1,2)
F,(z = Ao ) 0og P mny (—agxga) .
i(Z, y) ngopmpm sn7r bey<h (i=1,2)
S b<{y<gd
) 2) = A cos ™Y o (2 1) (— SYS )
q(y, 2) m%}:o mndmn COS —= €08 —— i
0o
—_ pnx nx(z —1) (—agxga
z, z) =
¢ (z, 2) n,§=o Mnp@np €OS == cOS ——p - Cicie

Yo tor i=]=0
}Vij ={Ys tor i=0,7>0; j=0, i >0 (2_10)
(1 tor i>0, >0
We write the equilibrium condition for the external stresses applied to
the parallelepiped as follows

a b T b
S Sb‘lﬁ(x, y)dzdy = S S VYo (2, y)drdy = + P
- —a —b

where P 18 the gilven value of the projection of the resultant on the face
2z = £ . Substituting expressions (2.9) for ¥,(x, y) , we find that their
Fourier ccefficlents are related by the expression

Yol = o = + o (2.11)

We wrlte the familiar expression for a harmonic function
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(2.12)

8 = (Cyy cos apz + Cyy sin 0,7) (Cyg €08 Py + CrasinBry) (Crp comPpmz +
+ Cigsinh Ypmz) + (Cyy cos apz + Cyu8in 0, z) (CggconPrpy -1 CogsinnBry y) X
X[Cys5 €08 Yn(z — D)+ Cyq 8in y, (2 — )1+ (Cyy coshOpnT + Cay sinhGlpp ) X
(Css €08 B+ Cay Sin Bry) [Coy c08 Vo (z — 1) + Cygsin ya (z — D]

a’p:'p_:iv Bmz{nb—ﬂav Yn::%:; (2.13)

= VBm2 + ‘Tnz’ Bnn = V'Tn2 -+ apzy Tom = Vap2 + Bm2
Here (3, (42 -»-» Cse are arbltrary constants.

In deriving a solution to the boundary-value problem, we shall use (2.12)
and select expressions for the harmonic functions appearing in (1.4) such
that the seriles composed of the particular solutions {1.4) satisfy the bound-
ary conditions (2.3),(2.4),(2.6) and (2.8) in the directlons tangential to
¢he surface of the parallelepiped. This 1s achieved by selecting the con-
stants in (2.12) and bearing in mind the evenness and oddness of the appro-
priate displacements and stresses. Thus setting 1n (1.4)

61 == O, 62 = 0, 63 = —21--—-—- [CW sinhY pm?2 + Cp(,;i,,) cosh’]’p,,,z] X
lTpm -inh'rpm
X €08ty €08 By
8= —0ay[Com @M (3’ m coshTpm?Z + Copm “ M, “ )smh'}’pm z] sin 0,z cos By +
A @ __ p ey Tpm?
N (5ii2 — 1) e f Ry — Fom
+ 3 {2 ) 0 — 1) — bt P ks

F IR, — 42,0 + £,0) — Bnaa (Folt + Foi)] —--L"z—} $i0 0y 0SBy

Tpmcosb'r om l

= = Bm [Com @ M,,g;)coshq'pm z+ Cpﬁ;‘,) M,E,‘:? sinhYpn 2] €OS pZ Sin By +

cosh'}’pm z

+ %"l {r(zrp,,, — Bn®) (Fp — Fpm) — g (fom' — fp‘”)] +

Ypm SiobYpm i

FI21,2—Br?) (Foi+ Fpi) — B (Fom + foin)]

€08 o,z sin Bmy
3coshynm

d6 = Tpm [Co MpwsinhYpm z =+ Cpin M p'n coshy pr 2] €08 0t €08 By —

Z

— g {13 U — 1)+ B (B — Py

“r,,mmh“rpml
coshy
+ [ (fp(l) +f (2)) + B (F o (1) (2))] ———2;:?-:*—7} COS &y COS Bmy
pm
__1+_Tpmlcoth’rpml MO _ 26—1+7pmlmnhypml
- ’ m T N
4(1 —0) Iyypsinby 1 F 4 (1 — o) Iy, Ssinby 1

Mp(3) —
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we obtain the following particular solution to the Lamé equations {1.1):

a

& B > — —_ <ol cos|
Upm = o) T {Com [(1—26—Tpml cot Ypml) oYz + Ypmz X
Xunh'fpmz]+c (4)[(1-—-- -—'{pmltanhrpml)smhypmz-{—Tpmzcoshrpmz]}SIH P 0s™ y_{__
coshy, 2z
g (10— 8, U0 — ) — oy (70 — P02 +
inhy
+ (21,5 — ) (£, +£,8) — Bty (Fpn + ‘”)1%,,,;’" }smmeos"$
® ... B (8 174 9 o
rem = 4 (1 —0) Iypmsinhyy,, | {Com (1 — 26— Ypml coth Ypml) o Tgm 2 +

+ Ypm? 55 Ypm 2] + Cpin [(1 — 26— Tpm ltanh'rnm siohynz 4 (2.44)

nz mn
+ Ypm % cothYpp z]} cos L a4 +
e 467 pm

z

X {120,2— Ba) (Fo) — Fpl?) — s (1 — foi2)) "“;;:L;z;ﬁ +

sinhY 2 pnx . mmny
+ (27,2 — Br?) (Fom + Fpin) — o (fom + fpﬁi’nc;;,ﬁﬁ} c0s = -sin ==

i (8 .
{8) — C 2— 26 { coth 1) sinh z—
w Ti—an ’fpml{ I Tom Yom ) Tpm

— ¥ pm 2T 2] + Cod [(2— 26 + Y pm Leanby  Dyeoshy, z—1, 2 sisny, 2]}X

pRz

$inh Tpm 2
X cosE= cos 7Y — P e {[%(fp(” fom) 4 Bn (Fom — ‘“’)1m;°p ;+

+ [op (o “’+f‘*’)+6m(Fp“’ Fod)] ’f’m }cosp % bos ™Y

b
(p,m=0,1,2,...,ypm¢0)

Here C(s) and C’(‘) are arbitrary constants, ng)n and fg,),, are the
Fourler coefficients of series (2.9).

In expressions (2.14) we select the particular solutlons which contain
only the constant C(a) and carry out a cyclic permutation of variables and
parameters. As a result we obtain two further types of particular solutions
to Lamé's equations

.
1) mn .
Upn = 2 — 26 -+ Oy @ coth Oy, @) SBROL,, T —
T 41 —0) aa,dumhan,, K m "
nn(z —1
e Gy TG ] €OS ¥ COS nr(z—D)

b 2
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(1)
1) Bmcmn
Ump' = 21 —5) aa Peimnag [(1 — 26 — Ol @ coth Oy @) coshl @ —+
mn mn
. . M nn(z—1
- Gy Tsinh oLy, ) s1nTycos %——)— (2.15)
1) __ o
n-mn
w 1 — 26 — dotpyy, oth aot,,y,)coshot,,, T
mn 4(1 —G) aamzm‘wmn [( mn mn) mn +
—+ Oy Toinkol,,, T] COS ’1%‘2 sin w
(2)
@ _ %p “np

np 4(1—oa) ang’inthnp [(1 — 26 — anp coth anp) costhpy +

+ Bnpy'i"thpy] sin Pait‘ CcOS M

21
@ c (2)
Unp = id—o) bB Ainth [(2—264 bBﬂP coth anp) Si“thpy _
—1
_ Bnpycoshﬂnpy] CcoS %? cos in_(;l__)_ (216)
c. @
wn;,z) Tn“np

4(1—o0c)bB gsinth [(1 — 25— anp coth anp)costhpy -+
n np
=+ Bﬂp y’i“thp y] COSp—:Esin .’f.t_%i—_l)
(m, .n, rp=0,1,2,... 'Bnp#o» amn#:o)

where Cﬁ,‘m and Cgl,; are arbltrary constants.

We seek a solution in the form of the double serles

u:411——266 CV g - 2 1wV - Z unz’ + 2 upm
( - ) m,n—o n, p=0 p, m=0
1 —25 ’
= s Gy + Z Vi) D) Vng Z vpm (2.47)
( m, n=0 n, p=0 p, m=0
o
1—25 ’ O
w= s G 2 4 S e Y wld > w
( m, 1n=0 n, p=0 D, m—0

where CoV, Cy'® and C,® are arbitrary constants. The dash above the sum-

mation signs 1ndicates that the summution indices are not zero simultaneously.
The series (2.17), with no indication of the method of derivation, were given

in [6] in the solution of a mixed problem on the compression of a rectangular
parallelepiped.

Differentiation confirms that the functlions represented by the seriles

(2.17) satisfy the boundary conditions (2.3),(2.4), (2.6) and (2.8) for shear

stresses. The unknown constants C(“, C‘%), R CT;f‘n', in (2.17) can be deter

mined uniquely from the boundary conditions (2.1),(2.2),(2.5) and (2.7)
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After satisfying the boundary conditions (2.1),(2.2),(2.5) and (2.7) we
obtain the four equalities

G 1. *®,
il 0 ¢ Y e
Z Dg (y, n, p)cos LA Z { [L ) J+
n, p=0 P, m=0 2(1—gqg)| ™ m pm l'l’ om
+ o)p(l)} cosp cosw E kpm‘l’psrlx) cosﬂa COSany
», m=0
G -
2(16_ [ (1)+C(2)+1 5 (3)J+ 2 (___1) (Ds(.’ll m, n) cos ?/_l_
m, n=0
+ Z (—1)" Qg (y, n, p)cos agie Z ————[Lﬁﬁ’c“’_
n, p=0 p 0 {2(1 G) lT P pm
Rpm Cpm] -+ “’Pm} cosp—mcosf‘ﬂ = Z ?»pmq;pﬁ’ cos 222 cosany (2.18)
», m=0

oo
96 [1—0 @ @ ' Cm'(nl) LY  may
2(1_5)[ Co™' + Co™ + Co }‘I'z =3 A cos =Y

m, n=0 mn b

X COS nn(z l)+ 2’ @, (y, n, p)cosnn(z—1)+

n, p=0

[oe)
mﬂ: —_
+ Z @y (2, p, mycos =2 = — > Apnmn cos—b@cos%l)
p, m=0 m, n=0

[o'e]
oG @ 1—6 ) ®) G g Cop' Lol pmx
2(1 [ + CO +C0 :|+2(1__G)nz b COST X

»=0 B np

—1 o —
X cosL(zZI_z + Z (Da(z’ m, n) cosw_i_

m. =0 21
[ee] oo
! pax 157 nx(z—1
+ Z (D4 (Z, p, m) COST = — Z A’npq)np COSP—a“ cos_(y__?
b, m=0 P, n=0
in which we have introduced the notations
b
a _ %y @ _ Brp
Lnn” = oo Gmn + gy 20 Lo’ = o2 Bub Fmmp 5 (2.19)
l 27
(3 _ ~_ Tpm @ _ 4 2pm!
me == coth Tpml + sinh® Tpml ’ Rpm - 1 sinh 2Tpml
}»
(1 (1) (2 (1) (2)
(’me): {lap(fp _fp ))+Bm (Fpm )]°°'-h'l' l+

Z'yp
+ [op (Fou + Fow) + B (Fpiw + Fpm )wany,, 1} (2.20)
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(!)p{ri) = ’}Tgm {{Gﬁp (fﬁg}s,} f;pm}) -+ ﬁm E{;;J{?:;.‘ F pizza})i coth Tpmg o
— [0 (fomn =+ fpi) + B (Fp + i) waby, 1}
G(—1)PCh)
Duly P = 5 g, (2% 208np —
np
- a}';gbgnp coth bgﬂg}} ccsth? ¥+ sz gnp Y siab Bﬂ}l y}
G(—1re B
Dy (2, p, m) % (4 —20)a,? + 207,

B 2(1— c) lTpn?: ’inth'ml

— %z,],pm; coth Tpml}wsh Y pm® -} “p21’,;mz sinby pmz}, +-

—_— {4}
+ G{—1)¥ Cpm {Eii — 25) ’;1!52 -+ %Tpms - (221}
2{1 —a} f‘*(pmsmh"{pml
— apﬁqupmtanhqrpml]sum»rpmz + “pz'l' z °°‘h'l’pmz} +
-+ L}_jm_fig@_.{lap (2’}’ az}?} (_f ay___ fpm)) - 13 dp (Fpg;) — Fp('!))]

2§'pm

Y pm
+ [ (20, —%p) (Fom + fam) — Bnip? <F;‘>+Fﬁnm; }

ws:h’rp m

+

G(— 1)m Cmr(Ll)
T2 (1 — o) an, Seinhacy,

+ Ki - 25} Bat -+ 25@3&3& = B 200y cOth A% gy, | S0Sh Oy x}

Qg (x, m, n) {Bmeamnm“w’amnx +

B el D C,o 1207, + (1 — 26) Bu? —
D4 (z, p, m) = 2(1—a) Z'Tp,g“"""rpm { ( ST pm +( ) B

— Byl con 7 D) cosby 2 - Bon®Y s 00Y 2+
{i} E@G?}mﬁ + {1 - ?5>3n12_81n ?pmz'*‘“"?’pm z}m?ﬂmz “i” Bmg?‘pmz mﬁ?’pmzﬁ "é‘

(— " Bm o

+ 21,

coshy . Z
{1020, = B) (P! = Fplt) — Bty (i fp‘z’)]miﬁ +

+ {(2yp;—$m2)(Fp§;’ + Fp) — B (% + o) 7’“”’ }

¢
mn P .
Oy (x, m, n) = - {12 Onn Tainh Ol Z
2({1 —g) ao, ;sinhad,,

+ (1 — 26) 'l’.,ﬁ + 2‘5‘7“”"?, ~— ¥, 2%y, Coth Gy 8] OB Xy }

Ge,

ne
— ) bR 3508,
+ [(1 - 25)'1’112 -+ %Bn; - Tngbgny coth annf mBnpy}

To find the unknown constants C‘%,), Ce ey C,,m, we equate the Fourier coef-
ficlents of the functions in the left- and right-hand sides of (2.18). For

Oy (y, 1, p) = {?nggnpy ‘i“hgnpy -+
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this purpose we expand the functlions (2.21) into the appropriate Fourier
series and substitute thelr expressions into (2.18). By equating the Fourier
coefficlents for zero values of both indices we obtain three equations in
the constants CyW, €@ and C,3

(1 —9) by

1 1—¢
Co( ) + CO(Z)+ . 00(3) — g

1—5 w @ @ _ 1= gon < 200G =15
Co'V' 4+ Co® + €, GG[ T _ oo ]
8=1
(2.22)
) 1—-6 ) @ _1—6 @ b(— 1) (Fyl!) — Fo¥)
G ST o - Y VETE
ge=1

and from the first two equalities (2.18), by virtue of (2.11), we obtain the
first equation of (2.22). In (2.18), equating Fourier coefficients for
values of the indices not simultaneously zero, we obtain four relations which
after some transformations assume the form

(1 11 2
) Z Hm'slp)A (2)

p=0
— 2 =S HS (M (=) AD 4+ = (— D) AP+ 5,0 (2.23)
§=0
(m,n=0,1,...; m==0andp==0 when n = 0; 5==0andn =0 when m == 0)
An;?) —— 2 Hpg}l)A @ __
m=0

— ()" 2 Hupd {11+ (=D 4,7 + 11— (= D" 4,8 + 5,0 (2.2

(n, p=0,1,2,...; pEOandm 50 when n=0; s OQandn 5= 0 when p=0)

o0
A0 =— 3 HplAnd — Z Hup AS + by (2.25)
n=0, 2, ... §=0, 2, ...
(p, m=0,1,2,...; s5=0andan 50 whenp:O' p==0andn == 0 when m =)
(e ]
A= ) H A + 2 HoPAS + by (2.26)
n=1,3, ... s=1,8,...
(p,m=0,1,2,...; p+0 whenm =0; m =0 when p=0)
where
H.a _ 4A‘mg (%ps B> Tp) g4 dhpg (T g Bry)
= , n = s m
mnp (I)Bnp sm ang')Y
H. o 4A’pg (a Bmr T) H (22) __ 4hng(BM_
pmn =2 T, nps — (@)
oL, Pa, bL, " s
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Ahpg (Yo %0 By) A8 B Yo %p)

(31) __ (33 __
Hypmn™ = L, Honep™ = ALy Bep @20
75 (4 47\!,,8’ (Tn %y B H-mg;;) . 40,8 By Yoo ap)
E mn - b -
o 2B 2 sy, 2
o = P_= z 2.28
g( yial gmv Tn) (apz + Bm2+ ,},n_z)a + d‘p2+ Bmz + T‘nz ( )
Yot
L, = Ry, | = wahyy,l — —F0—, LW >0
cosh ’Tp'ml
1(— 1™ (— 1) =1 =P &
bt = U=y 0 g0 MR D 229)
mn np
=P @ ;@ _ (—DP(=1)" s w
p@ AR Skl M el 2.30
pm Tymd Epm s bpm Tyl Eym ( )
2(1 —0)a
mg) = — (1) Z Ann i (s, m) — -2 T '(1‘_2 Amn@mnGmn (s==0 tor m=0)
mﬂ 5=0 G mn
(2) bﬁnp P 2(1—o) b 2
o = 2 MNu® (P, §)— S TACE noBrpPap (s0 tor p=0)
np =0 np
(1 —6) Ypml 2
pg&) = """’G'L “____(a)pm_‘ [“‘ (‘)p( - ")pg) + melpp%) “!‘ A'pm'\l’p( )]
@ G)T @ @ 1 @
Som = ——?4)12 n! Opim — Dpmm + ApmiPpin — Apm¥ppm |

2(1 — ) (— 1)*A 2, w_ @)
2y — 02 D) em
TR T {( ) om — (—1) " fom

— Bty [Foi) — (—1)"Fu1}
{(2 ps""’Bsz) [F a _ (_i)ane(;a)] —

— Bydtp [£p) — (— 1)l 1}
(2.31)

1. (s, m) =

2(1— 0)( 1)3%553
GlTps( n + 1 ps

1.7 (p, 8) =

A‘ _{1/2, tor t:O
{1 tor i=14,2,.

Here, instead of the unknown constants C,ff,z, RN szf,z s we have lintroduced

new constants A,m, . . A,ﬁ;‘,{ given by Formulas
1) ¢4 2 2
Cmn = ‘“’"( 1) ('_‘ 1) d'mn mn)y Cn;) = ( 1) (_1)anpA o

2.32
Cod = U= (=1 1pm Ay, Cpit) =1(— i)"(——l) o dptfuntynd

The functions g (B, yn, ap)s & (yn» @p, Pm) con be obtained from
the function g (ap, ﬁm,yn) by cyclic permutation of argumente.

Thus all boundary conditions are satisfied and the solutlon of the problem
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1s given by the series (2.17). The constants (1, C? and C,® 1in the
series (2.17) can be found from (2.22) and the constants (;&L - Cg% can
be expressed in terms of the new constants AN . ,1453 by means of For-
mulas (2.32). In order to find the latter we have the infinite systems

(2.23) to (2.26) of linear algebraic equations.

3. It can easlily be seen that by applylng the rectangle formula we obtain

% 13 3+§O dx . 0
ot S Yy E pz)<T ) (a2 = B+ %) (v >0
or, after evaluating the integral,
S v 0 @41
21 P+ PP < T (VB“r“r‘nL*r) =0 6D

Similarly, we obtain the inequalities

- 7 T
2 TERETETE <& VYRR (e T (=0 6
s L <% L& (>0 (3.3
poia,., PP+ P 7 VerBE(VeE+E+1) T '
Also, we evaluate from above the sum of the serles
J Z : 34)
= A LT e

Its generating function
x
1= o

for x > 0 has one maximum extremum at the point x,= y/3 and one inflec-
tion at the point xg=y . The graph of this function for O < x <y 1is a
convex curve. Within the interval vy s x < + ® the function monotonically
decays. We denote the integral part of y by » =[y] . In evaluating
from above the sum of series (3.4) we use the trapezoidal formula on the
convex part of the curve J(x) and the rectangle formula on the remainder.
We then logically have three possibllities: (12 xshsy; (2 h<xm<y,
but S(n) =2 S(h +1) 5 (3) <<y, but f(n) < f(n +1) . It 1s not
difficult to show that in all three cases the following 1nequa11ty holds:
o0

J1<2(12 otz 5 - o)+ S ] (z)dz
1
Substituting the value of f(xl) and evaluating the integral, we obtaln
(o]

1°p 1 3V3 1
El wrpr <7 1 3y (- 1) (>0 (3.5)
Similarly, we can derive the lnequalitiles
S 1P 1 1 3V3 _ 1
pzl,z;f,__. e <w taprn T e T zeerne 020 GO
o 13p 3V3 1
Z Wt+ﬁy<: +_3h T TR )2 (r>0) 3.7

p=2,4,...
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Other estimates of the left-hand sides of (3.5),(3.6) are given in [12],

4, Proceeding to the study of the Infinite systems we can estimate from
above the sum of the modull of the coefficlents of the infinite systems
(2.23), denoting this sum by T,‘,,‘,i. We find that

[oe]
7,0 = 2 Hpl o S H,2 (m,n=1,2,..) (4.1)

p=0 =0
The cases when m or n -are zero will be dealt with separately

oo
= S H 4 S, T = A S H rn= 1.2,
Pp=0 s p=1 8=0
{4.2)
Substituting {2.27),(2.28),{2.31) into {4.1) and removing terms with zero
indices, we obtain

m(l) — tm(n) + tmuz) - ,.m(m) (m,on=1,2,...) (4_3)

o0 20 2
¢ (11) — B'm ap Tn s
mn L (1) 2 Bnp (amﬁ‘_{_ apZ)g + E 2 212

=1 T;m {amn + U )

* 2
¢ (12) — { T Bnp + Bm ‘rcm }
mn L (1) Z Bﬂp n+ap2) Z ,r‘m(a 2 + a )

Here

=]
aw _ 400+ Bn)
T dLgta,

Using the inegqualities

Bnp >0p,  Yem > O, (1) > coth QyynG > 1, 1.< Bnp (4~4)

and the expressions (2.13) we evaluate t(m

(11) -~ 8 a o Tn ] — (amna/ nyp
<7 {2 (@ + @ 2) + 2 (am”-;_i_a’%)z } = E l@me/ 7P+ PT

=1 8=1
or, from (3.5),
_a (13) a__ 3V3 __ 2
<z T+l Tmn = Bau, T A(@paa /WP + AP (4:5)
Also, using the inequalities
T8 1.2+ B 2 B 2 2
’;”f Sl mlom o B+ Tom (4.6)
2%@? T&m 2757"
the expressions (2.13), the inequality (3.1) and the identity
5 0
2 * i
p m = coth JxT — :'E‘-T- (4.7)
we can evaluate t‘m p=1

(Y2 + Bop 2 Bn.(B,2 2
t"z(iﬁ} L (1) {z B + Z B 2(3 + T};m}} —
pv—‘

2 2 2
p=1 P(umn + ap ) =1 '\’pm (q'mn + aﬂ )

2% o (1,0 /)y Yo/
T wL,® Z {[(7,,afn)2+ (Y ey B CRNCY )y
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(B,,a /P 8,.a/m
t e TR T Pl a TAP T 71 T (e | 7 7 } -

2 .
s { 1 [ To? n B ]Jrna}. Bmwmamna_xn+82m}

ng) % | Fmn T Tn Ly ot Bm mn ad n

We can easily establish the inequalities
1 2 2 5
Y V2
Vx2+y2< Varw s VaTy+y ) <1+ V2

_rt+u V2 (:c>0)

Vate S y>0
Then
(12) Vz 3 Tﬂ—?LBm
th. Gy n @ ——
<z u) {1+V2+V T g
or, by virtue of (4.4),
a2 s
S R . “s)
Lmn aamn
From (4,3}, (4 5) and {4.8) we obtain the inequality (4.9

1) (11)
Ton <2 + + Fmn (m,n=1,2,...), rm;u) = rmslm)»{— rmg"’)_*_ r A4

mn
Further, by substituting (2.27),(2.28),(2.31) into (4.2) and using suc-
cessively inequalities (4.4), expressions (2.13},(%.7) and inequality (3.5),
we can evaluate T 4

o ZE aﬁfs o, m Z 2+a= a'y;,{sog) +
Lu) Z’rz—{—u2+ 2(3’2_{_“2)2 a'}'isg>+
* ::Log’ pgi (Tnain:)ii P % (G (:7;/ ﬂ-tss‘lz
o [ 4 b §

s 3V3x
<a'rL‘1’+6+ [ + 2 ]
T‘”<a+ 4™ a=1,2,.. roﬂ“’-T m+3V3 (4.10)
(1)

Similarly we can obtain an estimate for Tn;

w _ 5, 3V3
(1) < G + + rm(n) (m — '1, 2, .. ,), 'mo pacy Bmangl) + —8”3—1;(—1- (4.11)

For all ¢ 4in the range 0 < ¢ < 0.18 the inequality
26+ 2 <0.9968, o+ — < 0.9968
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holds. Therefore, from inequalities (4.9) to (4.11) we obtain the general

estimate
T < 0.9968 + r, 2V (m,n=0,1,2,...; 0<6<018) (4.12)
where rﬁﬁ is determined from Formulas (4.9) to (4.11). Obviously
11 ~1
Fun? = O ((m?* + n?)™"
We denote the sum of the modull of the coefficients of the infinite sys-
tems (2.24) to (2.26), respectively, by Tifx),, T;%, T;“,L. Using the inequal~

ities of Sectlon 3, and performing analogous operations, we obtain the follow-
ing analogous estimates:

Tn;?)<0-9968+rn§)21) (n, p=0,1,2,...)
T,9<0.9968 +r,%  (p,m=01,2...) (0<6<048)  (4.13)
Tow < 0.9968 4+ rpm?  (p,m=0,1,2,...)

P =04+ P, it = 0B+ )T, ) = 0((P A m)T)

The estimates (4.12)and (4.13% show that for all values of Polsson's ratio
¢ within the range 0 < ¢ =< 0.18 the infinite systems 2.23; to (2.26) are
at least quasi-~fully regular. The absolute terms (2.29) 2.30) of the infi-
nite systems are bounded. Therefore, if the solutlon of the corresponding
infinlte systems 1s unique, there exists a unique bounded solution to the
infinite systems under consideration [13].

Note that to prove the gquasi-full regularity of the infinite systems for
0< ¢ < 0.18 we used the very crude inequalities (4.4) and (4.6). This
Allows us to hope that for values of ¢ which satlsfy the inequality
0.18 < ¢ £ 0.5 the infinite systems obtained possess the property of regu-
larity.

5. In [5] Teodorescu has considered the particular case of the problem
solved above, when the papallelepiped 1s loaded only by identically distri-
buted normal stresses p(x, y) on two opposite faces &z = + £ . The problem
was reduced to three infinite systems of linear algebraic equations. We
quote one of these, which in the reference cited was numbered (4.19):

. ©
' m, n=0,1, ...

App =— Amn@mn L;o PimnBni + izzo gnimcim] (m *0 for n =0 ) (5-1)

b o A%iB? + R O Arn’ey® BB’ 5
R (Amn? + 432)? Amn? + ;2 Enim = "} und + 0;3)3 hmn? + a3 ©2)

A g in

Cmn = coth A:mna + = ;nn ’ A'mn“‘ = Bm’ + Tn2' o == (53)
sink®h, ;0 ¢

where v 1s Poisson's ratio. The author asserts that this system is regu-
lar and has a unique bounded solution and can be studled on the basis of the
same procedures as those outlined by Kaliski in [14]. This assertion is
erroneous. In Kaliski's paper completely different infinite systems are
obtalned and their investigation has no relation to the system (5.1). We
shall show that the infinite system (5.1), on the contrary, 1is not regular.
For, 1f we evaluate the sum of the moduli of its coefficients, we find

b [ Ay (ifa) Voo
{ 7 +A'm mn }=

o0
Toyn= Amn@Emn i=20 [himn + gnim] = PN

mn%E&mn i—o [Amn? -+ (mifa)?)? n-+(7ti/a)?
. 4 - { (Amna/m)i2 VAmna/n
Amn&mn T mn im1 [(Amna/m)? 4 2] + (Amna/n)® 4 iz}

Using the identities
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[00) 2 oo
4 Z zn? T z
— ——'z_-W:mm”x—Thz——’ —; Ej—rl‘g:cothnx_}a~
R n=1 (x +n) = nx n=1 r +
and the notation (5.3), we obtain
" Amn® 1 ]} 4v
o S L= e ] LRI wr] | e
2v 2(1 4 v)Apna
=1-42v — - m, n=1,2,...
+ - Amna&mn Emnsink® Ayt ( )
We see now that the infinite system (5.1) 1is not regular for all values
of Polsson's ratio 0 < vy < 0.5 . 1In exactly the same way we can establish

the irregularity of the other two infinite systems. It follows that the
assertlions contained-in [5] concerning the order of the solutions of the
infinite systems are without foundation.
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